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Abstract

We explore Chord-like ring structures for Distributed HashTables (DHTs) and show that the
Postage Stamp Problem (PSP) is equivalent to finding optimalstructures for such ring topologies.
We first leverage known results for that problem to design structures for ring-like DHTs that use
shortest-path routing. We then describe a variant of the PSPthat corresponds to ring-like DHTs
that use greedy routing and develop an algorithm that smoothly trades off between the number of
finger pointers and network diameter. We include a matrix of the number of nodes that can be
supported as a function of the number of finger pointers and the network diameter and also note an
interesting link to the Fibonacci sequence. Finally, we seethat our ring constructions can support
networks of 165 million nodes compared to only 1 million nodes for Chord-like rings when both
approaches use 20 finger pointers and a network diameter of 20.
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1 Introduction

To overcome scalability constraints, vari-
ous Distributed Hash Table (DHT) schemes
(Chord/CAN/Pastry) [11, 7, 9] have been pro-
posed in different p2p systems. In DHT schemes
each node stores objects that correspond to
a certain portion of the key space and uses a
routing table to forward the request for an object
not belonging to its key space to the appropriate
next hop node. The goal is to locate the object
in fewest number of hops while minimizing the
size of the routing table.

DHTs have two primary characteristics of in-
terest:

• degree or routing table size, the number of
neighbors that a node has, and

• hop count or network diameter, the num-
ber of hops needed to reach any node from
another.

Some DHT schemes are based on rings, such
as Chord, and have a routing table size of
O(log2n) and a network diameter ofO(log2n).
Others are based on hypercubes, such as CAN,
and have a routing table of sized and a diame-
ter O(n1/d). Still others are based on De Bruijn
graphs and achieve a routing table of sizeO(1)
with diameterO(logd n).

In this paper, we focus exclusively on cir-
culant graph structures that correspond to rings
such as Chord, in which all of the nodes have
finger pointers with identical offsets. We explore
these structures because they are easy to realize
in practice: a node’s finger offsets are indepen-
dent of its location in identifier space, so it need
not discover that information before finding its
neighbors. Also, as was shown by Gummadi et
al. [2], ring-like structures have very good re-
silience properties even when large fractions of
the nodes fail.

We explore how construct good ring-like net-
work structures given number of finger point-
ers and network diameter. We first formu-
late the problem of constructing ring-like struc-

tures when shortest-path routing is used as an
optimization problem that corresponds to the
Postage Stamp Problem (PSP), which allows us
to apply the extensive body of work on PSP to
our problem. Since there is no known polyno-
mial time solution for PSP, finding optimal struc-
tures for arbitrary routing table sizes and net-
work diameters is intractable for such circulant
graphs.

We then consider a variant of the PSP that ap-
plies to circulant graphs when greedy routing,
rather than shortest-path routing is used when
choosing the next finger pointer to take. For this
variant of the PSP, we develop an algorithm that
calculates the maximum network size possible
for a given network diameter and routing table
size. We show that using a routing table of size
20 with a network diameter of 20, we can con-
struct a network of 165 million nodes in com-
parison to a network of 1 million nodes using
Chord.

In Section 2, we discuss background and
present the relation between the Postage Stamp
Problem and ring-like structures. In the back-
ground section we also present some known re-
sults for the Postage Stamp Problem and their
implications to optimal ring-like DHT construc-
tions. In Section 3, we present our algorithm. In
Section 4, we show our results and compare to
Chord. Section 5 concludes the paper.

2 Background

In DHT schemes, a routing algorithm is charac-
terized by the routing table at each node. We
provide the routing table formulation in terms of
graphs for a better understanding of our formu-
lation in terms of the Postage Stamp Problem.

Let G(n; s1, s2, ..., sk) be the network with
n nodes, labeled with integers modulon andk
links per vertex such that each nodei is adjacent
to k other nodesi + s1, i + s2, i + s3,
....., i + sk (mod n). This kind of network is
called aCirculant Graph [1]. Chord hassi as
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n/2i where1 ≤ i ≤ log2n. The network thus
obtained has alog2n diameter.

We now define the Postage Stamp Problem
and then relate it to circulant graphs. The
Postage Stamp Problem [5] is defined as:

Postage Stamp Problem (PSP):Givenk andh,
find a set ofk denominations{S1, S2, ...., Sk}
such that

(a) sums ofh (or fewer) of these integers can
realize the numbers1, 2, 3, . . . , N

(b) the value ofN in (a) is as large as possible.

To understand this we look at a small exam-
ple where a post office issues stamps in sets of
k denominations and allows customers to use no
more thanh stamps. They wish to choose for a
givenh andk, a set which gives them the great-
est suchN such that1, 2, . . . , N is possible to
get usingh (or fewer) of thesek denominations.
For example, ifk = 4 andh = 3, this set is (1,
4, 7, 8) cents. Using 3 or fewer of these stamps,
any value less than or equal to 24 cents can be
achieved.

Stating the problem formally, leth, k be num-
bers (i.e non-negative integers). LetS =
{ S(1), S(2), ...., S(k)} be a set of distinct
numbers (stamp denominations) such thatS =
{ S(1) < S(2) < . . . < S(k)}, and a valuev
is obtainable fromS if there exists another setC
such that

v =
∑k

i=1 C(i)S(i) and
∑k

i=1 C(i) ≤ h.

V(k,h) for a setS = {S1, S2, ...., Sk} is de-
fined as the maximum value obtainable using
h (or fewer) of Si’s. An optimal setSo =
{So

1 , So
2 , . . . , So

k} (of which there may be more
than one) for a givenk ,h is one whose value is
the maximum =N(k, h).

We are interested inN(k, h) and the setSo

for such aN(k, h). In the next section we relate
the Postage Stamp Problem to circulant graphs.

2.1 Postage Stamp Problem in relation
to Circulant Networks

We now relate Circulant Graphs and PSP men-
tioned in the previous section. Recall thatsi’s
give the neighbors of a node in circulant graphs
andSo

i ’s for a givenh andk give us the optimal
setSo which can be used to get to a value from 1
to N(k, h). Given a solution to PSP for a given
h andk we can construct a circulant graph of size
N(k, h). The idea is to make the finger pointer
offsets equal to the stamp denominations and the
network diameter will then be equal to the num-
ber of stamps (i.e.h).

Formally, lets1 = So
1 , s2 = So

2 , . . . , sk =
So

k. Let hij be the number of hops, cho-
sen optimally (using shortest paths), required to
reach nodenj from ni. Any nodenj is less
thanN(k, h) distance away fromni in identifier
space. Also, any number from1, . . . , N(k, h)
can be reached using at mosth of So

i ’s. Thus,
∀(i, j)hij ≤ h.

In that case, for a given(k, h), So provides
us the optimal values ofsi’s such that the graph
constructed using thesesi’s has the number of
hops (chosen optimally) bounded byh.

Though the setSo
i ’s provides us with an opti-

mal set, it still does not tell us how to choose the
next hop node for a key search. We would actu-
ally have to calculate the shortest paths in order
to decide upon the next hop node for a given key
search. The Postage Stamp Problem would give
us the optimalN(k, h) which no other circulant
graph can better. We provide some results to the
Postage Stamp Problem in the next section.

2.1.1 Existing Solutions to PSP

The Postage Stamp Problem has been studied
widely. Inspite of many efforts to solve this
problem, it still remains largely unsolved. So-
lutions to the Postage Stamp problem for some
values ofh andk have been evaluated. In this
section we present these existing solutions to the
Postage Stamp Problem. SolutionsN(k, h) to
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the PSP would serve as an upper bound to our
approach in the next section.

For k = 1, the only possible value of the set
So = {1}. Thus,N(1, h) = h ∀h ≥ 1. Fork
= 2, for any set S ={1, S2}, N(2, h)[10] was
calculated as:

N(2, h) = (h − S2 + 3)S2 − 2.

The maximum value ofN(2, h) is achieved for:

So
2 =

{

1/2(h + 3) if h is odd,
1/2(h + 3 ± 1) otherwise.

Therefore,

N(2, h) = ⌊h2+6h+1
4 ⌋,

and the corresponding setSo = {1, So
2}. Fork =

3 [3], the following optimal setSo = {1, So
2 , So

3}
for h sufficiently large was calculated:

So
2 = 2⌊4h+4

9 ⌋ − ⌊2h
9 ⌋ + 3,

So
3 = (⌊2h

9 ⌋ + 2)S2 − ⌊4h+4
9 ⌋ − 2.

Using the aboveN(3, h) is calculated as:
N(3, h) = (h − ⌊ 4h+4

9
⌋ − ⌊ 2h

9
⌋)So

3 + ⌊ 2h

9
⌋So

2 +

⌊ 4h+4

9
⌋.

Later, it was shown[4] that above equation holds
for h ≥ 200. It was then verified[6] for23 ≤
h ≤ 200 and the optimal setSo andN(k, h)
for 1 ≤ h ≤ 22 were calculated. In spite of the
great effort of many researchers, there is still no
exact formula available fork=4. We provide the
set of known values in the Table 1. Due to lack
of space we do not list all the known values of
PSP.

The only nontrivial upper bound[8] available
in the general case is given as:

N(k, h) ≤ (k−1)k−2

(k−2)! (h
k )k + O(hk−1),

3 Largest Denomination First

We look at the slight variant of the Postage
Stamp Problem called Largest Denomination
First (LDF ). We useSl andN l(k, h) for the

optimal set of denominations and the maximum
value ofN such that numbers from1, 2, . . . , N
are achievable usingh or fewer of these denom-
inations. We now formally define Largest De-
nomination First.

Largest Denomination First: Givenk, h find
Sl = {Sl

1, S
l
2, . . . , S

l
k} such that:

(a) N l(k, h) is maximized and
1, 2, . . . , N l(k, h) are achievable us-
ing at mosth denominations,

(b) assuming, to achieve a value ofn you al-
ways use the largest denominationSL first,
such thatSL ≤ n, updaten = n− SL, and
repeat this untiln = 0.

We now explain why the above mentioned
problem would be interesting to solve. In Chord,
the next hop neighbor is chosen as the node less
than the target node but closest to it in the iden-
tifier space. This is the same as choosing the
largest available denomination such that you do
not overshootn, wheren would represent the
distance in identifier space between the node in
question and the target node. In this strategy we
are guaranteed to make progress and get closer
to the target. In the remainder of this section we
present our algorithm to solve the above men-
tioned problem. The setS and the maximum
achievable valueN for our solution to the above
problem are represented asSt andN t(k, h) re-
spectively.

Definition: N t(h, k, a) is the maximum
value achievable using at mosta denominations
of the setSt = {St

1, S
t
2, ....., S

t
k}.

Note that the setSt is the same as in
N t(k, h, h). Also, note thatN t(k, h, h) =
N t(k, h). In our further discussion, we shall
useN t(k, h, h) for consistency.

We use dynamic programming to provide an
approximate solution to the above problem. As-
suming that the solution for∀g ≤ h, N t(k −
1, g, g) has already been calculated, our prob-
lem now resides in calculating thek denomina-
tionsSt for N t(k, h, h).
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h/k 1 2 3 4 5 6 7 8 9 10
1 1 2 3 4 5 6 7 8 9 10
2 2 4 8 12 16 20 26 32 40 46
3 3 7 15 24 36 52 70 93 121 154
4 4 10 26 44 70 108 162 228 310
5 5 14 35 71 126 211 336 524
6 6 18 52 114 216 388 638
7 7 23 69 165 345 664 1137
8 8 28 89 234 512 1045 2001
9 9 34 112 326 797 1617

10 10 40 146 427 1055 2510

Table 1: Best known values for PSP

3.1 Calculating thek
th denomination

Let Di(k, h) be the choice of denominationSt
k

when at mosth − i stamps are to be used on the
remainingk−1 denominations (i.e other than the
denominationDi(k, h)) andN t

i (k, h, h) be the
corresponding maximum achievable value using
this denomination as thekth denomination with
the remainingk − 1 denominations being equal
to thek − 1 denominations forN t(k − 1, h −
i, h − i). In that case, the value ofDi would be
chosen as one greater than the value achievable
usingh− i stamps with one fewer denomination
(i.e excluding theDi denomination), since this is
the minimum value not representable using(h−
i) stamps.

So,

Di(k, h) = N t(k − 1, h − i, h − i) + 1 (1)

We now calculate the value ofN t
i (k, h, h). If

we allocatei stamps toDi(k, h) then we are left
with (h − i) stamps. The maximum value that
we can reach using(h− i) stamps and not using
theDi(k, h)th denomination is

V = N t(k − 1, h − i, h − i)

Thus, we would get the achievable value as:
i ∗ Di(k, h) + N t(k − 1, h − i, h − i)
But V is one less than the value ofDi(k, h).

So, rather than usingi stamps onDi(k, h) we
can use(i + 1) stamps onDi(k, h) and the re-
maining(h− i− 1) on the other(k− 1) stamps.

In that case the maximum value ofN t
i (k, h, h)

is given as:
N t

i (k, h, h) = (i + 1) ∗ Di(k, h) + N t(k −
1, h − i, h − i − 1)

D i D i

A

B

 

(i+1) * D

N(h−i,k−1,
           h−i−1)

i

Figure 1: Value ofN l(h, k)

If we allocate more than(i + 1) stamps toDi

(sayi + 2) then as shown in Figure 1 the values
from A=(i + 1) ∗ Di(k, h) + N t(k − 1, h −
i, h− i− 1) to B=(i + 2) ∗Di(k, h) will not be
representable using these denominations since

N t(k− 1, h− i, h− i− 1) < N t(k− 1, h−
i, h − i) + 1

The problem now remains to calculate the
value ofN t(h, k, h − 1). Whenh ≥ k and we
want to spendh−1 stamps on{St

1, St
2, . . . , St

k},
we can take the solution forN t(k, h, h) and re-
duce the number of stamps that it allocates toSt

k

by 1. This reduction will not however change
how we chose to allocate stamps among the re-
mainingSt

i ’s, soN t(k, h, h) − St
k will give us

a suitable value forN t(k, h, h − 1). However,
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whenh < k, we are not guaranteed that the allo-
cation among the remainingSt

i ’s would remain
unchanged, so we use the allocation explicitly
chosen fork − 1 denominations.

The maximum valueN t(h, k) over all suchi
is calculated as:

N t(k, h, h) = max(N t
i (k, h, h)) 1 ≤ i ≤ h.

(2)
and the St

k’th denomination is calculated
as: St

k = Di(k, h) such thatN t
i (k, h, h) =

N t(k, h, h).
In the next section we present our results and

show for which values ofh andk our algorithm
would be fairly optimal.

4 Results

In this section we present results to our algorithm
stated in the previous section. Table 2 presents
the value ofN we are able to achieve using given
values ofh andk.

We further divide our discussion on values of
h andk and then discuss the tradeoff solutions
for constructing a network of given sizeN .
case: h=k

We observe that the values forN t(k, h) we
achieve in this case, are equal toF (2h + 1) − 1
whereF (x) is thex’th Fibonacci sequence given
as:

F (x) = (1+
√

5)x
−(1−

√

5)x

(
√

5)2x

We have calculated the value ofN t(k, h) for
h = k = i, 1 ≤ i ≤ 50 and have verified
N t(k, h) to be equal toF (2h + 1) − 1. So,
we conjecture that forh = k andh > 50, N t

is given asF (2h + 1) − 1. For h = k = i,
1 ≤ i ≤ 50 we provide the following compar-
isons to Chord.

For Chord the value ofN c is given as :

N c(k, h) = 2h

If we define the ratioNr asN t/N c and sub-
stitute the corresponding values forN t, N c we
get the following equation:

N r =
(1.144123)2h ∗ 0.7236 + (0.437016)2h ∗ 0.276

The ratio of the number of finger pointers for a
particular value ofN required by our algorithm
(ht) to that required by Chord (hc) is calculated
to be:

ht ≈ 0.72hc (3)

The above equation shows that in comparison
to Chord, we can reduce the size of the finger
pointers as well as the size of the network diam-
eter to 28%.

For h=15,k=15, we can construct a network
of size 1,346,268 with correspondingSt

i ’s as:
1, 2, 5, 13, 34, 89, 233, 610, 1597, 4181,
10946, 28657, 75025, 196418 and 514229. For
h=20, k=20, we can construct a network of size
165,580,140, with correspondingSt

i ’s as: 1, 2, 5,
13, 34, 89, 233, 610, 1597, 4181, 10946, 28657,
75025, 196418, 514229, 1346269, 3524578,
9227465, 24157817 and 63245986.
case: h> k

Let us assume we have an exponentially in-
creasing denominationsSt

1, St
2, . . . , St

k. In this
case, the approach of taking the largest denom-
ination first to reach a value ofn would lead
us to the optimal number of hops (stamps). In
our case, we select the denominationSt

k as the
largest numberNj that cannot be achieved using
k − 1 denominations,St

1, St
2, . . . , St

k−1. This
is because all the values before these are achiev-
able using thek − 1 denominations. If we have
enough stamps to useSk−1 as one of the stamps
at least once, in achievingNj , then the value of
Sk will be much greater than the value ofSk−1

providing an exponential growth in the size of
the new denominations. So, in that case our ap-
proximation would work quite well.
case: h< k

Whenh < k, our assumption that a solution
for k − 1 denominations is a subproblem fork
denominations no longer holds true, so our algo-
rithm does not find good denominations. In re-
viewing the results of brute-force calculation of
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h/k 1 2 3 4 5 6 7 8 9 10
1 1 2 3 4 5 6 7 8 9 10
2 2 4 7 10 13 16 19 22 25 28
3 3 7 12 20 28 36 44 52 60 68
4 4 10 20 33 54 75 96 117 138 159
5 5 14 29 54 88 143 198 253 308 363
6 6 18 40 78 143 232 376 520 664 808
7 7 23 55 111 206 376 609 986 1363 1740
8 8 28 71 152 294 541 986 1596 2583 3570
9 9 34 90 208 417 772 1418 2583 4180 6764

10 10 40 114 268 570 1100 2023 3714 6764 10945

Table 2: Results for Largest Denomination First using our algorithm.

optimal denomination sets, what we find is that
the best denomination sets forh << k incorpo-
rate something close to base-b arithmetic, where
b = k

h +1. For(k = 18, h = 2), for example, the
denominations of1, 2, ..., 9, 10, 20, ..., 90 have a
maximum sum of 100 using 2 stamps. Sim-
ilarly, for (k = 27, h = 3), denominations
of 1, 2, . . . , 9, 10, 20, . . . , 90, 100, 200, . . . , 900
seem to work well and allow sums up to 1010.
We are actively pursuing an alternative algorithm
that can find optimal sets of denominations under
such scenarios.

4.1 Tradeoff Utilization

We now illustrate how our algorithm allows us
to benefit from the tradeoff that exists between
the finger pointers and the network diameter. We
are able to construct a network of a given sizen
using various values ofh, k. So, if we want to
construct a graph of size one million, we could
do it in different ways. Here we mention three
possible ways of doing this in our construction,
(h=15, k=15), (h=12, k=19) and (h=20, k=13).

5 Conclusion and Future Work

We provide an efficient way of constructing
ring-like structures for a given network diameter
and number of finger pointers using the Postage
Stamp Problem. We also provide an upper bound

on the size of the circulant graphs that can be
constructed using a givenh and k. Moreover,
we provide tradeoff constructions using our ap-
proach so that a given value ofn can be achieved
using various values ofh, k. Additionally, with
a routing table of size 20 and a network diameter
of 20, we can construct a network of 165 million
nodes in comparison to Chord’s 1 million nodes.

Our constructions so far address the case when
the number of finger pointers is comparable to
the number of hops. In case of many finger
pointers and few hops (h < k), we are actively
pursuing research into better construction algo-
rithms.
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